We present a detailed account of symmetry properties of S U (2) Yang-Mills equations. Using a subgroup structure of the Poincar e group P (1; 3) we have constructed all P (1; 3)-inequivalent ansatzes for the Yang-Mills eld which are invariant under the three-dimensional subgroups of the Poincar e group. With the aid of these ansatzes reduction of Yang-Mills equations to systems of ordinary di erential equations is carried out and wide families of their exact solutions are constructed.
1 Introduction of nonlinear multi-dimensional d'Alembert, Maxwell, Schr odinger, Dirac, Maxwell-Dirac, Yang-Mills equations. Whereas, a huge amount of papers and monographs are devoted to construction of exact solutions of equations for gravitational eld. It is di cult even to estimate the number of papers and monographs, where the soliton solutions of the onedimensional nonlinear KdV, Schr odinger and Sine-Gordon equations are studied. We are sure that the above mentioned equations should deserve much more attention of researchers in mathematical physics.
With the present paper we start a series of papers devoted to construction of new clas-ses of exact solutions of the classical Yang-Mills equations (YME) with the use of the-ir Lie and non-Lie symmetry. Here we study in detail symmetry reduction of YME by Poincar e-invariant ansatzes and obtain wide families of its exact Poincar e-invariant solutions.
Saying about the classical YME, we mean the following nonlinear system of twelve second-order PDE: It should be said that there were several reviews devoted to classical solutions of YME (see 2] and the literature cited there). But, in fact, symmetry properties of YME were not used. The said solutions were obtained with the help of ad hoc substitutions suggested by Wu and Yang, Rosen,'t Hooft, Corrigan and Fairlie, Wilczek, Witten (for more detail, see 2]).
The structure of our paper is as follows. In the second Section we give all necessary information about symmetry properties of YME and about a solution generation procedure by virtue of the nite transformations of the symmetry group admitted by YME.
In Section 3 we construct P(1; 3)-inequivalent ansatzes for the Yang-Mills eld invariant under the three-parameter subgroups of the Poincar e group. Section 4 is devoted to reduction of YME to systems of ordinary di erential equations (ODE). Integrating these in Section 5 we construct multi-parameter families of exact solutions of YME. In Section 6 we consider some generalizations of the solutions obtained and, in particular, construct the generalization of Coleman's solution.
Symmetry and Solution Generation for the Yang-Mills Equations
It was known long ago that YME are invariant with respect to the group C(1; and SU (2) is the in nite-parameter special unitary group with the following basis generator:
In (2.1), (2.2) @ A a = @ @A a ; w c (x) are arbitrary smooth functions, " abc is the third-order anti-symmetrical tensor with " 123 = 1. Hereafter, summation over the repeated indices a; b; c from 1 to 3 is understood.
But the fact that the group with generators (2.1), (2.2) is a maximal (in Lie's sense) invariance group admitted by YME was established only recently 3] with the use of a symbolic computation technique. The only explanation for this situation is a very cumbersome structure of the system of PDE (1.1). As a consequence, realization of the Lie algorithm of nding the maximal invariance group admitted by YME demands a huge amount of computations. This di culty had been overcome with the aid of computer facilities.
One of the remarkable possibilities provided by the fact that equation under study admits a nontrivial symmetry group is a possibility of getting new solutions from the known ones by the solution generation technique 1; 4]. This technique is based on the following assertion.
Lemma Let x 0 = f (x; u; ); = 0; n ? 1; u 0 a = g a (x; u; ); a = 1; N where = ( 1 ; 2 ; : : : ; r ) be the r-parameter invariance group of some system of PDE and U a (x); a = 1; N be its particular solution. Then the N-component function u a (x) determined by implicit formulae U a (f(x; u; )) = g a (x; u; ); a = 1; N (2.3) is also a solution of the same system of PDE.
To make use of the above assertion we need formulae for nite transformations generated by in nitesimal operators (2.1), (2.2). We adduce these formulae following 1; 2]. In the above formulae (x) = 1 ? x + ( )(x x ); n a = n a (x) is a unit vector determined by the equality w a (x) = w(x)n a (x); a = 1; 3.
Using the Lemma it is not di cult to obtain formulae for generating solutions of YME by the above transformation groups. We adduce them omitting derivation (see also 3]).
1. Thus, each particular solution of YME gives rise to a multi-parameter family of exact solutions by virtue of the above solution generation formulae.
3 Ansatzes for the Yang-Mills Field A key idea of the symmetry approach to the problem of reduction of PDE is a special choice of the form of a solution. This choice is dictated by a structure of the symmetry group admitted by the equation under study.
In the case involved, to reduce YME by N variables one has to construct ansatzes for the Yang-Mills eld A a (x) invariant under N-dimensional subalgebras of the algebra with the basis elements (2.1), (2.2) 1,5]. Since we are looking for Poincar e-invariant ansatzes reducing YME to systems of ODE, N is equal to 3. Due to invariance of YME under the Poincar e group P(1; 3), it is enough to consider only subalgebras which can not be transformed one into another by group transformation, i.e. P (1; 3)-inequivalent subalgebras. Complete description of P(1; 3)-inequivalent subalgebras of the Poincar e algebra was obtained in 6] (see also 7] ).
According to the classical symmetry approach, to construct the ansatz invariant under the invariance algebra having the basis elements where A = fA a ; a = 1; 3; = 0; 3g, one has 1) to construct a complete system of functionally-independent invariants of the operators (3.1) = fw i (x; A); i = 1; 13g;
2) to resolve relations F j (w 1 (x; A); : : : ; w 13 (x; A)) = 0; j = 1; 13
with respect to the function A a : As a result, one gets the ansatz for the eld A a (x) which reduces YME to the system of twelve nonlinear ODE.
Note. Equalities (3.2) can be resolved with respect to A a ; a = 1; 3; = 0; 3 if the condition rank k a (x; A)k 3 3 a=1 =0 = 3 (3:3) holds. If (3.3) does not hold, the above procedure leads to partially-invariant solutions 5], which are not considered in the present paper. hold. This fact permits further simpli cation of formulae (3.5), (3.6). Namely, the ansatz for the Yang-Mills eld invariant under the 3-dimensional subalgebra of the Poincar e algebra with basis elements of the form (3.1), (3.7) should be looked for in the form Thus, to obtain the complete description of P (1; 3)-inequivalent ansatzes for the eld A a (x) invariant under 3-dimensional subalgebras of the Poincar e algebra, one has to integrate the over-determined system of PDE (3.9), (3.10) for each P (1; 3)-inequivalent subalgebra. Let us note that compatibility of (3.9), (3.10) is guaranteed by the fact that operators X 1 ; X 2 ; X 3 form a Lie algebra.
Consider, as an example, the procedure of constructing ansatz (3.8) invariant under the subalgebra hP 1 ; P 2 ; J 03 i. In this case system (3.9) reads w x 1 = 0; w x 2 = 0; x 0 w x 3 + x 3 w x 0 = 0; whence w = x 2 0 ? x 2 3 .
Next, we note that coe cients 1 ; 2 of the operators P 1 ; P 2 are equal to zero, while coe cients 3 form the following (4 4 Substituting (3.12) into YME we get system of ODE for functions B a . If we will succeed in constructing its general or particular solutions, then substituting it into formulae (3.12) we get an exact solution of YME. But such a solution will have an unpleasant feature:
independent variables x will be included into it in asymmetrical way. At the same time,
in the initial equation (1.1) all independent variables are on equal rights. To remove this defect one has to apply solution generation procedure by transformations from the Lorentz group. As a result, we will obtain ansatz for the Yang-Mills eld in the manifestly-covariant form with symmetrical dependence on x .
In the same way, we construct the rest of ansatzes invariant under three-dimensional subalgebras of the Poincar e algebra. They are represented in the uni ed form Here ; = 0; 3; w are some functions whose explicit form is determined by the choice of a subalgebra of the Poincar e algebra AP(1; 3).
Below, we adduce a complete list of 3-dimensional P(1; 3)-inequivalent subalgebras of the Poincar e algebra following 7] L 1 = hP 0 ; P 1 ; P 2 i; L 3 = hP 0 + P 3 ; P 1 ; P 2 i; L 5 = hJ 03 ; P 0 + P 3 ; P 1 i; L 7 = hJ 03 + P 1 ; P 0 + P 3 ; P 2 i; L 9 = hJ 12 + P 0 ; P 1 ; P 2 i; L 11 = hJ 12 + P 0 ? P 3 ; P 1 ; P 2 i; L 13 = hG 1 + P 2 ; P 0 + P 3 ; P 1 i; L 15 = hG 1 + P 0 ? P 3 ; P 0 + P 3 ; P 1 + P 2 i; L 17 = hG 1 That is why, ansatzes invariant under these subalgebras are partially-invariant solutions and are not considered here.
Reduction of the Yang-Mills Equations
In order to reduce YME to ODE it is necessary to substitute ansatz (3. 
Exact Solutions of the Yang-Mills Equations
When applying the symmetry reduction procedure to the nonlinear Dirac equation, we succeeded in constructing general solutions of a large part of reduced systems of ODE.In the case involved we are not so lucky. Nevertheless, we obtain some particular solutions of equations (4.2), (4.4).
The principal idea of our approach to integration of systems of ODE (4.2),(4.4) is rather simple and quite natural. It is a reduction of these systems by the number of components with the aid of ad hoc substitutions. Using the said trick we construct particular solutions of equations 1, 2, 5, 8, 14, 15, 16, 18, 19 , 20, 21, 22 ( = 0). Below we adduce substitutions forB (w) and corresponding equations. In the above formulae we use designationsẽ 1 = (1; 0; 0);ẽ 2 = (0; 1; 0);ẽ 3 = (0; 0; 1).
Thus, combining symmetry reduction by the number of independent variables and reduction by the number of dependent variables we reduce YME to rather simple ODE. It is worth reminding that e ectivess of the widely used ansatz for the Yang-Mills eld suggested by t'Hooft et al 2] is closely connected with the fact that it reduces the system of twelve PDE to one nonlinear wave equation.
Next, we will brie y consider a procedure of integration of equations (5. Integrating the second equation of system of ODE 5 we get g = C 1 w+C 2 ; C i 2 R 1 : If C 1 6 = 0; then the constant C 2 can be neglected, and we may put C 2 = 0. Provided C 1 Substituting the results obtained into corresponding formulae from (5.1) and then into the ansatz (3.13), we get exact solutions of the nonlinear YME (1.1). Let us note that solutions of systems of ODE 5, 8.1, 14.2, 15.2, 16, 19 , 20, 21 satisfying the condition g = 0 give rise to Abelian solutions of YME. We do not adduce them and present only non-Abelian solutions of YME. Wilczek 13] .
Another important point is that we can obtain new exact solutions of YME by applying to solutions (5.6) the solution generation technique. We do not adduce corresponding formulae because of their cumbersomity.
Some Generalizations
It was noticed in 14] that group-invariant solutions of nonlinear PDE could provide us with rather general information about the structure of solutions of the equation under study. Using this fact, we constructed in 4; 14] a number of new exact solutions of the nonlinear Dirac equation which could not be obtained by symmetry reduction procedure. We will demonstrate that the same idea will be e ective for constructing new solutions of YME.
Solutions of YME numbered by 7, 8, 19 , 20 can be presented in the following uni ed form:Ã = k B (kx; cx) + b C (kx; cx); (6.1) where kx = k x ; cx = c x ; k = a + d :
Substituting the ansatz (6.1) into YME and splitting the equality obtained with respect to linearly-independent four-vectors with components k ; b ; c , we get The caseC = (w 1 +v 0 (w 0 ))f(w 0 ) is treated in analogous way. As a result, we obtain the following family of exact solutions of YME: A = k f(cx + v 0 (kx)) Substitution of (6.7) into YME yields the following system of PDE forB;C:
B w 1 w 1 ?C w 0 w 1 ? e(B C w 1 + 2B w 1 C +C C w 0 ) + e 2C (C B ) =0: (6.8)
We succeeded in integrating system (6.8), providedC =f(w 0 ). Substituting the result obtained into (6.7), we come to the following family of exact solutions of YME: It is not di cult to verify that (6.9) satisfy YME with arbitraryf;g. Evidently, solution (6.9) is a particular case of the ansatz A = k B (kx; bx; cx): (6.10) Substituting (6.10) into YME we get B w 1 w 1 +B w 2 w 2 =0; (6.11) where w 1 = bx; w 2 = cx:
Integrating the Laplace equations (6.11) and substituting the result obtained into (6.10) we havẽ A = k (Ũ(kx; bx + icx) +Ũ(kx; bx ? icx)):
HereŨ(kx; z) is an arbitrary analytical with respect to z function. ChoosingŨ = 1 2 (f(kx) ? ig(kx))z we get Coleman solution (6.9).
Conclusion
Thus, starting from the invariance of YME under the Poincar e group we have obtained wide families of its exact solutions including arbitrary functions. In our future papers we intend to describe exact solutions of YME invariant under the extended Poincar e group and conformal group.
Besides that, we will study exact solutions which correspond to the conditional and non-local symmetries of the Yang-Mills equations (1.1)
